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Worksheet n°1 : mesh, base-flow, global modes, adjoint global modes

Codes may be downloaded on: http://denissipp.free.fr/teaching/Codes/NumStud.zip

0/ Very short reminder on finite elements
Let us solve the following problem:
U= (O +0pyu) = f
u=donly,
au + bd,u =conly,

We consider test functions # satisfying &t = 0 on I};. After multiplying the governing equation by the test-function, we take
an integral over the complete domain:

I 1w = (@xxu + dyyu)dxdy = [f iifdxdy
Integrating by parts, we obtain:
I (dtu + 0,00,u + 8,18, u)dxdy — [ (iin,deu + iin, 8,u)ds = [[ Ufdxdy

The boundary term is zero on I; because of & = 0. Therefore, taking into account the boundary condition on I,,, we have:

1T (it + 0,20, + 3,0, u)dxdy — fr (- %u) ds = [f itfdxdy

Rearranging:

Uu + 0, U0, u + 0, ud,u)dxdy + g17.uds=ff12fdxdy+ licds
I 010 u + 0,110, u)dxd 5
T

m

Using for example P2 elements for u and i, we obtain the following discretized form (taking into account that u = d on Iy):
Au=>b
1/ Generate mesh

In folder Mesh:
FreeFem++ mesh.edp

2/ Base-flow
The base-flow is solution of the following non-linear equation:

1 . . —vA 4
EN(WOI wo) + Lwy =0, N(wy,wy) = (u1 Vi -(i)_ e Vul), L= ( va0 O)

-7-0 0
with the following boundary conditions:

(up =1,vo =0) onlj,

(up = 0,v9 = 0) on ey

(—ponx + v(nxﬁxuo + nyﬁyuo) =0,—pony + v(nxﬁxvo + nyayvo) = 0) on [y
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(6yu0 =0,vy = 0) on Ig
The Newton iteration is based on successive solutions of:

6u-|7u+u-|75u)

1
Ny + L)6w = —EN(W, w) — Lw where IV, 6w = ( 0

with boundary conditions such that w + dw satisfy the above mentioned boundary conditions.

Hence:
Sudyu + Sv0yu + udySu + 10, 6u + 8,6p — v(dxxSu + 8y, 6u)
= —ud,u —vdyu —dp + v(axxu + ayyu)
8udyv + Sv0,V + udy 8V + v8y 6V + 8,,8p — V(04 6V + 8y, 61)
= —ud,v —vdyv — 0,p + v(axxv + 6yyv)
—0,0u — 0,6V = 0yu + 9, v
with:

(bu=1—-u,6v=-v)only,
(bu=—-u,év=—v) onlu
(=6pn, + v(nxax(?u + nyayﬁu) =pn, — v(nxaxu + nyayu), —pny, + v(nxaxﬁv + ny6y6v)
=pn, — v(nxaxv + nyayv) onyye)
(0y6u = —0,u,6v =—v) on Ty

Show that the weak form of these equations is (with W as the test-function satisfying @i = ¥ = 0 on I}, and [,q; and ¥V = 0
on Iqe)

I (0(8udyu + 6v0yu + ud,Su + vd,6u) + V(Sudyv + v,V + ud,Sv + v, 5v) — Sp(Byil + 0, V)
+v(05110, 8u + 9y 1idy Su + 8, V0,6V + 9,70, 6v) — P(0,6u
+0,6v) )dxdy = [[ (—ii(udyu + voyu) — H(udw + v, v) + p(01 + 8, %)
— V(8410 u + 0,110y u + 8, V0,V + 3,70, v) + P(Bcu + 8,v))dxdy

After discretization (taking into account all the Dirichlet boundary-conditions), we obtain:

Aéw=b
In folder BF:
vi param.txt // target Reynolds number, here Re=100
FreeFem++ init.edp // generate initial guess solution, here zero flowfield
FreeFem++ newton.edp // compute base-flow
FreeFem++ plotUvvp.edp // show base-flow at Re=100
3/ Global modes
2
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The global modes are the structures such that: (6yﬁ =0,7= 0) on Ig

ABW + (NWU + L)VT/ =0, B= ((lJ 8) 5/ The adjoint global modes are solution of the following eigen-problem :

where (ng + L) is the linearized Navier-Stokes operator: ABW + (NWo +L )W =0

with the above mentioned boundary conditions.
00yug + DOy Uy + Updxll + voBy Tl + 0y — v(Bxxl + By 1) v
(Nwo + L)W =| @0,vo + DOy vy + ug0xD + v,V + 9P — V(axxﬁ + ayyf?) Show that the weak form of these equations is:
_(axﬁ + ayﬁ) I (ﬁ(uoa,a + @y i — Wy — DyVy) + (B, IP — V(0,110 + 8,118, 11) + ¥(1e0y D + v, T — U1d,uy — POy,
+ (8, 9)p — v(0, 90,7 + 8,70, 7) + P, + 6y17)) dxdy
Ny + L) acts on a subspace of functions W satisfying the following boundary conditions (*
( Wo ) p ying i ¥ ) —f (fiugn, + ﬁvony)ds —f ¥(Buon, + ﬁvony)ds = AJf (@i + v9)dxdy
Tout out
(@=0,0=0) onTlj, and [,y
After discretization, we obtain:

(—ﬁnx + v(nxaxﬁ + nyayﬁ) =0, —ﬁny + v(nxaxﬁ + nyayﬁ) = 0) on e = B

(0yﬁ =079= O) on T Complete program eigenadj.edp (look for ??? in this file) to compute the adjoint global modes.

Show that the weak form of these equations is (with W as the test-function satisfying it = ¥ = 0 on I}, and [,q; and ¥ = 0
on Ig):

1T (s(—085u0 — 00,110 — gD, — vo0y0) + (3P — v(D42dy 2 + 0,10, ) + B(—00, v — DBy vy — 1y, D — vy D)

6/ Compute the angle between the direct and adjoint global modes. Check bi-orthogonality of direct and
adjoint global modes.

+ (8, 9)p — v(0, V0,0 + 8,0, D) + P00 + 63,1?)) dxdy = Af[ (it + ¥9)dxdy 7/ Modify program eigen.edp to solve the eigen-problem:
With a finite element-discretization: A'W' = uBw'
AW = ABW where A* designates the transconjugate of matrix A. Compare w' and W.

In folder Eigs: Show that: (u* — 2)W'*Bw = 0. Interpret the results.

8/ DNS simulations. We consider the Navier-Stokes equations in perturbative form: w(t) = wy +

FreeFem++ eigen.edp: )
wi(t):

4/ Definition of adjoint operator.

{6tu’ +u' - Vug+uy-Vu' +u -vu' = —Vp' +vAu
The adjoint operator (.7\7WU + [L) is the operator satisfying for all W and W the following relations: v-u = 0
- N - N A first —order semi-implicit discretization in time yields:
<w, (NWO + L)w >=< (NWO + L)W,w >
. uTL+1 — uTl
Here W is in the subspace satisfying the boundary conditions (*). i +u™tVug +ug - Vet +ut Vet = —Vpttt + vAuttt
_ - — V-uttt = 0
Determine the adjoint operator (NWU + L)and the boundary conditions (*) that W satisfies.
This may be re-arranged into:
Solution:
unl un
—UgBydl — Vo0, il + W0, Ug + DOV + 0y — V(Deyl + By 10) a uttl Vg +ug - VUt 4+ Vpttt —pAuttt = Ve ut - vyt
(Wowy + D)W = | —ug0xT — o0y T + TUdyug + 50, vo + 8yf — V(0T + By, ) V. oyttt = 0

— (01 + 8, D) A o
Show that the weak form with W as the test-function is:
(@i = 0,7 = 0) onTlj, and [}y,
(—ﬁnx +v0,din, +vo,fin, = —tlugn, — fven,, —pn, + vo,on, +vd,on,

= —Puyn, — fwony) on gy,

3 4
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un+1
) (ﬁ( Y U™t A ug + v AU, + ugdu™tt + uoayu"“) — (@ D)p™* + v(8,H10,u™H + 8, lid,un*t)

n+1
+ 17( v + U0,y + v Oy + Uugdy ™t + voayv"“> - (6y17)p"“
+v(8, 90, 0™+ + 8,0, v 1) + p(B,umt + 6yv"+1)> dxdy
uu" von
— (M .Uy N g,n
I < " At - vun) + A v Vv )) dxdy

After spatial discretization, we obtain:
Awntl =

In folder DNS,
FreeFem++ init.edp // Initial condition = real part of unit energy eigenvector in ../Eigs
FreeFem++dns.edp  //Launch linearized DNS simulation

Octave plotlinlog(‘out_0.txt’,1,2,1) // plot perturbation energy as a function of time
Octave plotlinlin(‘out_0.txt’,1,3,1) // plot u-velocity in wake as a function of time
FreeFem++ plotUvvp.edp // Plot flowfield after 100 time steps

9/ Perform a linearized DNS simulation with a unit energy adjoint flowfield as initial condition.
Compare perturbation energy as a function of time with results obtained in 8/ Relate this result to
the angle computed in 6/

10/ Perform a non-linear simulation to observe saturation (switch NL to 1 in dns.edp).

11/ Vary the Reynolds number, find critical Reynolds number with stability analyses and observe saturation amplitudes
with non-linear simulations as a function of Reynolds number in the range 40 < Re < 100.
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Worksheet n°2: Multiple time-scale analysis and amplitude equations

Codes may be downloaded on: http://denissipp.free.fr/teaching/Codes/NumStud3.zip

1/ Direct numerical simulation of cylinder flow at Re=100

We solve the unsteady Navier-Stokes equations in perturbative form (w := wy 4+ w) around a

cylinder flow at Re = v~

global mode.

= 100. The initial condition is the real part of a small amplitude unstable

1
Bow + Ny,w + Lw = _EN(W' w)

w(0) = aRe(W)

with :

u
_ _(1 0 _(u - Vup, tup -V _
w_<v),B—(O 0),N(W1,W2)—( 0 ),NWUW— N (wy,w),

£= (780 70y
-v-0) 0
The base-flow and the global mode are defined by:
1
EN(WO, wp) + Lwy =0
ABW + (N, + L)W =0
In DNS/Mesh:
FreeFem++ mesh.edp
In DNS/BF:
FreeFem++ init.edp
FreeFem++ newton.edp
In DNS/Eigs:
FreeFem++ eigen.edp
In DNS/DNS:
FreeFem++ init.edp // generate initial condition from small amplitude global mode
FreeFem++dns.edp  //launch DNS simulation

Octave plotlinlog(‘out_0.txt’,1,2,1) // represent energy as a function of time in fig 1
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Octave plotlinlin(‘out_0.txt’,1,4,2) // represent v velocity as a function of time
2/ Van der Pol Oscillator: multiple time-scale analysis
The Van der Pol Oscillator corresponds to the following governing equations:
w' + wdw = 26w’ — wiw'
w(0) =w;,w'(0) =0

where the (-)' is the time-derivative, w is the initial condition, w, the frequency and & the instability

strength. Here, we choose: wo = 10, § = 0.3 and w; = 0.01.
2a/ Numerical time-integration

We integrate in time the above equations. For this,

In VanDerPol:
Octave pkg load all // load external packages for time integration, Fourier analysis, etc.
Octave vdp // integrate in time unforced Van der Pol equations

2b/ One time-scale approach

We try to approximate the solution by considering a small instability strength: § = 8¢, with € < 1
and § = 0(1). We look for an approximation of the solution with an expansion of the form:

1
w=ez2yandy =y, +€y; + .
We first try with only one time-scale: y(t) = yo(t) + €y, (t) + -
The second-order solution is given by:
w = (Aei®ot + c.c.)
(—3A3 + 1264 .
+|———ie

.73 .
lwot a7 e3iwot — (254 — A%) (—1 + leot) iel®ot 4 ¢ c.
8wy 8w,

4wy
Wy
=5
To represent this solution, in VanDerPol:
Octave clf // clear all figures
Octave vdp // integrate in time unforced Van der Pol equations
Octave vdp_tir // show first and second order approximations with one time-scale

2c¢/ Two time-scales approach

The two time-scale first-order solution is given by:
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w(t) = (dei®ot +c.c.)

with:
A _si-lp
dt ~ 2
A(0) ==L
)

To represent this solution, in VanDerPol:

Octave clf // clear all figures

Octave vdp // integrate in time unforced Van Der Pol equations

Octave vdp_tir // show first and second order approximations with one time-scale

Octave vdp_mts // show first and second order approximations with two time-scales
3/ Van der Pol Oscillator with harmonic forcing
We consider the forced Van der Pol oscillator:

w' + wiw = 26w’ —w2w' + E cos wyt,

where w; and E are respectively the forcing frequency and the forcing amplitude. Here, we choose:

wy = 25and E = 600. The first-order two time-scale solution is given by:

. E
w(t) = 24 cos(wgt + ¢) +—5——coswyt
ws — wf

with:

dA 51 E
dt 4\w§ — w}

To represent this solution, in VanDerPol:

Octave clf // clear all figures
Octave vdpf  // integrate in time unforced Van Der Pol equations

Vary the forcing amplitude E from 0 to 600 and observe in each case the resulting frequency
spectrum.

4/ Forced Navier-Stokes equations

We consider the Navier-Stokes equation in perturbative form (w:= w, + w) with a forcing term
acting on the momentum equations:

< 1 SO
BOW + Ny w + Lw = EM (wy + w) — EN(W, w) + (Ee'rtf + c.c).

3
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Here:

u
v=(2) 2= (35 D)= )

The viscosity v has been replaced by v =v, — 8, where V. is the critical viscosity which achieves
marginal stability of the linear dynamics Re, = v; ! = 46.6.

The base-flow is given by:
1
EN(WO, wy )+ Lwy =0,

while E and wy correspond respectively to the forcing amplitude and forcing frequency. The forcing

structure f (acting solely on the momentum equations, so that Bf = f) is also given.

In the following, we consider a slightly supercritical regime (the Reynolds number is slightly above
the critical Reynolds number):

6=€6,€K1,6 =00),
and a small- amplitude forcing, which scales as:
~ 1
E = €2E,E = 0(1).

We look for an approximation of the solution under the form:
1 1
w = €2 (yo(t,‘r =et) + e2y1(t,T = et) + €'y, (t, T = €t) + )
2
The second-order solution is given by:

w = (Ae'@ety, +c.c) + (Ee'rtyg + c.c) + dws + (422 9ty,, +c.c.) + |A~|2yM + |E|2yE§
+ (Alz"ei(“’”“’f)tyAE +c. c.) + (Aﬁei(“’c_“’f)tyAg +c. c.) + -

With :
iw:Bys + NygYa +Lys =0
iwfBYg + Ny, ye + Lye = f
NwoYs + Lys = My,
2iw:Bypa + Ny Yaa + Lyan = —%N(}’A')’A)
NvoYai + LYaz = =N a, ¥a)
N Ve + LYpg = =N Vg, Vi)

2i(wc + wp)Byag + Ny Yar + Lyag = =N Y Vi)
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Zi(wc - wf)ByAg + MwoYag + LYag = —N Y, Vg ) FreeFem++ uE.edp // compute response due to external forcing
And: FreeFem++ uAE.edp // compute AE-harmonic due to interaction of response to
B external forcing with global mode
dA < "3 12
dt =164 - ”AlAl - ”A|E| 4b/ Complete program uAEb.edp to compute the AE harmonic due to the interaction of the global
mode with the adjoint of the response due to external forcing.
where:
4c/ Complete program uEEb.edp to compute the zero-harmonic due to the interaction of the
A=<Jn Mya > =<Ja N a 5) external forcing response with the conjugate of himself.
K =<Ja N Gayar) + N Gn Yaa) > 4d/ Complete program pi.edp to compute the 7 coefficient.

T =<J4, N4 Yer) + N Yag ) + N e Yag) >

—iwBs + Ny Ja + LFa =0
lwcBYa + NiwoYa + La 5/ Forced Direct numerical simulation

<JaBya> =1 We integrate in time the forced Navier-Stokes equations at Re = v~ = 100:

4a/ In AmplEg/Mesh: 1 )
BOwW + Ny, w + Lw = —EN(W,W) + (Ee'®rtf + c.c)

FreeFem++ mesh.edp // generate mesh
here:
In AmplEq/BF: where
u
FreeFem++ init.edp // generate initial guess for Newton iterations W= (17) L= (—V A8 V())
’ -V 0
p
FreeFem++ newton.edp // Newton iteration
In DNS/DNS:

In AmplEq/Eigs:
FreeFem++ dnsf.edp  // launch forced DNS simulation

FreeFem++ eigen.edp // compute global mode

Octave plotlinlog(‘out_4000.txt’,1,2,1) // represent energy as a function of time in fig 1
FreeFem++ eigenadj.edp // compute adjoint global mode

Octave plotlinlin(‘out_4000.txt’,1,4,2) //represent v velocity as a function of time in fig 2
FreeFem++ norm.edp // generate scaled adjoint global mode

Octave spectrum // compare spectrum with and without control
In AmplEq/WNL:

FreeFem++ udelta.edp // generate modification of base-flow due to increase in Reynolds
number

FreeFem++ uAA.edp // generate second harmonic due to interaction of global mode with
himself

FreeFem++ uAAb.edp // generate zero-harmonic due to interaction of global mode with
adjoint of himself

FreeFem++ lambda.edp // compute A coefficient of Stuart-Landau equation
FreeFem++ mu.edp // compute u coefficient of Suart-Landau equation
FreeFem++ forcing.edp // define external forcing (spatial structure anf frequency)



